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The Importance of Using Manipulatives in Teaching Math Today
By

Joseph M. Furner, Florida Atlantic University, Jupiter, FL
Nancy L. Worrell, Palm Beach District Schools, West Palm Beach, FL
Abstract
This paper explores the research and use of mathematics manipulatives in the teaching of
mathematics today during an age of technology and standardized testing. It looks at the drawbacks
and cautions educators as they use math manipulatives in their instruction. It also explores some
cognitive concerns as a teacher goes about teaching with math manipulatives. The paper shares
many commonly used math manipulatives used in today’s classrooms and matches them up to
some of the Common Core Math Standards that are taught today in classrooms in the USA and
around the world.

Keywords: Mathematics, Teaching, Manipulatives, Concrete, Standards, Research
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Introduction
This article explores the factors that contribute to teacher use of manipulatives in their
instructional math lessons. Math manipulatives are physical objects that are designed to represent
explicitly and concretely mathematical ideas that are abstract (Moyer, 2001). Math manipulatives
have been around for years. The Montessori Schools have long advocated teaching using concrete
objects along with Piaget’s emphasis on teaching from the concrete, to the representational, to
lastly the abstract, in order to help young learners make sense of their mathematics understanding.
George Cuisenaire (1891–1975), a Belgian educator, is famed for his development of the
Cuisenaire Rods used today to help teach fraction concepts along with other math ideas; these were
developed in the 1950’s. Later on, many other math didactics came out of these ideas and lead to
the Cuisenaire Math Manipulative Company. Today, there are many commercially made math
manipulatives that fill the shelves in most school classrooms.
This paper will build upon previous research that investigates how teachers use math
manipulatives in their instructional lessons.

Moyer (2004) states that some teachers use

manipulatives in an effort to reform their teaching of mathematics without reflecting on how the
use of representations may change their own mathematics instruction. Baroody (1989) asserts that
Piagetian theory does not state that students must operate on something concrete to construct
meaning, although it does suggest that they should manipulate something familiar and reflect on
these physical or mental actions. The actively engaged thinking is the component imperative to
student learning. Ball (1992) posits that manipulative usage is widely accepted as an effective way
to teach mathematics, although there is little effort given toward helping teachers ensure their
students make the correct connections between the materials and the underlying mathematical
concepts.
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Guiding Questions about Using Math Manipulatives
These questions give rise to others, such as: Do grade level curricular differences influence
the use of manipulatives when teaching mathematics? What are the cognitive consequences of
instructional guidance accompanying manipulatives? Is the manipulative used in such a way that
it requires reflection or thought on the part of the student? Is the student making correct
connections between the manipulative and the knowledge it is meant to convey? And, as raised
by Marley and Carbonneau (2014), what is the value added by various instructional factors that
may accompany math manipulatives?
Mathematics Standards
Many new state standards, such as the Florida Math Standards, the Common Core Math
Standards (National Governors Association Center for Best Practices (NGA Center) and the
Council of Chief State School Officers (CCSSO), 2010), along with the National Council for
Teachers of Mathematics (NCTM, 2010) call for the usage of representational models as a
significant area of practice in mathematics instruction. Representations can be interpreted in many
ways, such as illustrations, virtual manipulatives, and physical hands-on manipulatives or didactics.
Virtual manipulatives are a computer-based rendition of common mathematics
manipulatives and tools (Dorward, 2002). They have become quite popular, convenient, and
efficient over the past few years and are deserving of a thorough literature review and study on
their own, although they are beyond the scope of this study.
Among the many theorists who provide the foundational basis for using math
manipulatives in instructional lessons are Piaget (1952), who believed children cannot comprehend
abstract math through explanations and lectures only, and that they need experiences with models
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and instruments in order to grasp the mathematical concepts being taught. Brunner (1960) believed
that students’ early experiences and interactions with physical objects formed the basis for later
learning at the abstract level. This type of hands-on learning is often referred to as constructivism,
and is the basis for integrating math manipulatives into instructional math lessons. These
foundation researchers provided guidance for the common use of math manipulatives in many
math classrooms today.
Research on Math Manipulatives
Deborah Ball (1992) references a story from her own teaching of a third-grade mathematics
lesson. She explains that she was showing a group of educators a segment from her lesson on odd
and even numbers for her third-grade class. The video segment began with a student, Sean,
proclaiming that he had been thinking about how the number six could be both odd and even
because it was made of “three two’s” and “two three’s.” Sean illustrated both scenarios on the
board for his classmates and teacher to inspect. The other students challenged his conjecture of
six being both an odd and even number and much talk was generated about it. In showing this
video to educators, Ball hoped to generate a lively discussion on various ways this situation could
have been handled, such as clarifying the definition of even and odd numbers or asking for other
student’s opinions. The educators watching the video immediately wanted to know if Ball used
manipulatives or any concrete materials to clarify the meaning of odd and even numbers to Sean.
When she explained that drawings and illustrations were used, the teachers became fiercely
adamant that had Ball used physical counters, she could have more firmly guided her students
toward the correct conclusion. Ball points out that, as a teacher, she does not want to prevent this
sort of “discovery learning” that her students made in allowing them grapple with the ideas behind
the math concepts of odd and even numbers. Ball also states that she is not convinced that allowing
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students to use manipulatives would automatically guide them to the correct mathematical
conclusions. She claims that there is a common misconception among educators of a tremendous
faith in the almost magical power of manipulatives to automatically convey the underlying
mathematical knowledge with their mere presence. Ball asserts that it is the context with which
the manipulatives are used that creates meaning, such as talk and interaction between teacher and
students that evolves during the course of instruction. Ball claims that current education reform
implies, in many ways, that manipulatives or physical materials are crucial in improving
mathematics learning. This sentiment is reinforced in a number of ways such as the inclusion of
manipulatives in mathematics curricula from school districts and publishers and the inclusion of
“manipulative kits” to districts and schools that purchase their curriculum materials. The offering
of in-service workshops and professional developments on manipulatives are also popular and
sometimes required by school administration or districts. Ball asserts that there is not enough
examination as to the validation of the appropriate role in helping students learn mathematics using
manipulatives. Little discussion occurs as to possible uses of different types of concrete materials
or possibly illustrations. It is assumed that students will “magically” learn the math concept and
draw the correct conclusion that the teacher intended her students to derive from the activity. Ball
claims that one of the reasons adults over emphasize the power of concrete representations to
convey accurate mathematical skills is because adults are seeing concepts they already understand.
Students who do not already possess this knowledge may not come to the same, correct conclusions
about the underlying mathematical knowledge the manipulative is alleged to convey. Ball suggests
that there is a need to examine the difficult problem of helping students make correct connections
between the manipulative and the knowledge it is meant to convey. She discusses the need for
teachers to develop rules for students as to how to operate with the manipulatives so that they are
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more likely to arrive at the correct mathematical conclusions. One such rule is when students are
using base-ten blocks to subtract two-digit numbers with regrouping, they would have to trade in
a ten bar for ten ones, in order to complete the correct regrouping procedure. A teacher could take
that a step further and have the student relate this activity to the subtraction algorithm of regrouping
and structure student talk and interaction that requires reflection, around the subtraction activity.
In Baroody’s (1989) paper titled “Manipulatives Don’t Come with Guarantees,” the author
contends that manipulatives are neither sufficient nor necessary for meaningful learning in
mathematics. He acknowledges that they can be useful tools to students, however he discourages
their “uncritical” use. Unless they are used thoughtfully there is no guarantee for meaningful
learning; thoughtful use is essential in their effectiveness. Thoughtful use can be determined with
questions such as: “Can the knowledge students gain from the use of this manipulative connect to
their existing knowledge or be meaningful to them?” or, “Is the manipulative being used in a way
that requires reflection or thought on the student’s part?” Many times the answer to these questions
is “no”. In examining why manipulatives alone are not enough to guarantee meaningful learning,
we need to discover what would make them enough. In other words, what do teachers need to do
to make the manipulatives effective in conveying the underlying mathematical concept?
A 21-week qualitative pilot study conducted by Golafshani (2013) examined the practices
of four 9th grade applied mathematics teachers concerning their beliefs about the use of
manipulatives in teaching mathematics, its effects on learning and enabling and disabling factors.
The teachers taught various topics to 9th grade students with diverse learning abilities. The teachers
were given support, such as manipulatives, a math literacy tool kit, the opportunity for professional
learning, training and dialogue, and resources to plan for five math lessons with manipulatives.
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After each lesson, pre- and post-lesson discussions were provided. In the pre-lesson
discussions, the teachers would describe the lessons, referencing the goals and manipulatives used.
In the post-test discussion, the teacher would reflect on the lesson and discusses any modifications
to the lesson that were needed to achieve greater student learning. A teacher questionnaire and an
observation sheet were developed to collect data pre- and post-lesson data. Data were also
collected through observations of the teacher’s use, availability, and comfort level in utilizing
manipulatives in the classroom. Teachers’ beliefs about the use of manipulatives are important
factors that could contribute to their effective use of manipulatives during instructional lessons.
When comparing pre- and post-test findings of teachers’ views about teaching with
manipulatives, teachers showed more interest in the use of manipulatives in the post-test. This
could have been attributed to the fact that the teachers now had more confidence in their use of
manipulatives during their instructional lessons.

Teachers also showed strong agreement

concerning student learning with manipulatives pre- and post-lessons. Some of the disabling
factors teachers identified in the pre-test in the implementation of manipulatives were lack of
confidence and lack of time to practice. These factors were not identified as disabling in the posttest, which was possibly due to the confidence they gained in the use of manipulatives during the
pilot study. Factors identified as disabling in teaching with manipulatives during the post-test were
lack of time to prepare and lack of knowledge of multiple uses of certain manipulatives. The
identification of these disabling factors by teachers in the post-test might be due to the training
which made them knowledgeable enough on the topic to realize the time it takes to prepare for a
lesson with manipulatives, and that there may be other uses with the same manipulative. Teachers
identified “difficulty with classroom management” both pre- and post-test, which could show a
need for training or support in this area.
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The diagram below shows that at the core of all disabling and enabling factors within the
Golafshani study, existed the need for teacher training. The most significant relationship to teacher
training is administrative support. Without administrative support, the training of teachers would
which made them knowledgeable enough on the topic to realize the time it takes to prepare for a
lesson with manipulatives, and that there may be other uses with the same manipulative. Teachers
identified “difficulty with classroom management” both pre- and post-test, which could show a
need for training or support in this area.
The diagram below shows that at the core of all disabling and enabling factors within the
Golafshani study, existed the need for teacher training. The most significant relationship to teacher
training is administrative support. Without administrative support, the training of teachers would
which made them knowledgeable enough on the topic to realize the time it takes to prepare for a
lesson with manipulatives, and that there may be other uses with the same manipulative. Teachers
identified “difficulty with classroom management” both pre- and post-test, which could show a
need for training or support in this area.
The diagram below shows that at the core of all disabling and enabling factors within the
Golafshani study, existed the need for teacher training. The most significant relationship to teacher
training is administrative support. Without administrative support, the training of teachers would
which made them knowledgeable enough on the topic to realize the time it takes to prepare for a
lesson with manipulatives, and that there may be other uses with the same manipulative. Teachers
identified “difficulty with classroom management” both pre- and post-test, which could show a
need for training or support in this area.
The diagram below (See Figure 1) shows that at the core of all disabling and enabling
factors within the Golafshani study, existed the need for teacher training. The most significant
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relationship to teacher training is administrative support. Without administrative support, the
training of teachers would be hindered (Golafshani, 2013). Enabling factors were classroom, time
and space management

factors teachers identified in both the pre-and post-test along with the availability of manipulatives,
support from administration, and training on how and when to use manipulatives. Studies show
that there is a strong association between teachers’ knowledge and teachers’ confidence, especially
for those who are committed to constructivist teaching (Ross-Hogaaboam-Gray & Hannay, 1999),
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which proved to be true in this particular study. It can be concluded from this study that teachers’
beliefs can be influenced by a number of variables including training and administrative support.
A year-long study conducted by Moyer and Jones (2004) looked at how teachers used
manipulatives in their classroom and students’ usage of manipulatives in relationship to their
teacher’s instruction. It specifically examined how students reacted to “free access,” or choice of
how and when to use manipulatives. It included 10 middle grades math teachers who had
participated in a 2-week summer institute, examining various methods of representations for
teaching mathematics with conceptual understanding. The teachers were grouped into control or
autonomy oriented groups, according to their classroom management styles. The study was
implemented in three phases: pre-assessment, phase one, and phase two. In the pre-assessment
phase, teachers were interviewed to identify background information, uses of math manipulatives,
and instructional practices. In phase one, the teachers used manipulatives for their mathematics
instructional lessons. In phase two, the teachers provided students with “free access” to
manipulatives, located in containers on students’ desks.
There was a significant difference between control-oriented and autonomy-oriented
teachers following their summer training institute. Control-oriented teachers initially exerted more
control over their students in phase one and then less control over their students in phase two. In
comparison, the autonomy-oriented teachers exerted less control over their students in phase one
as well as less control over their students in phase two. When allowed, students were found to use
manipulatives appropriately and selectively for mathematics tasks and as a way to self-review
previously taught material during the “free access” phase.
Some teachers in this study used control strategies to undermine student choice and
discourage students “free access” to manipulatives. This inhibits the alignment of student and
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teacher thinking. This may be more comfortable to teachers who are not confident in their teaching
abilities or usage of manipulatives and who do not want students challenging their ways of problem
solving. This limits students’ thinking to the teacher’s line of thinking and discourages students
from challenging the teacher’s methods.
Teachers’ beliefs about manipulative usage and comfort level with them play an important
role in student access and manipulative usage in instructional lessons. Teachers limited student
access by displaying lists on containers, assigning manipulative monitors, and using them as a
reward/punishment tool. A limitation of this study was the teachers in the study were selected
from a group of teachers attending a math summer institute workshop. They were not selected
from a general pool of math educators, so it could be concluded that these teachers were more
interested in student learning than the average teacher.
Uribe-Flórez and Wilkins (2010) examined 503 in-service elementary teachers’
background characteristics, beliefs about manipulatives, and the frequency with which they used
manipulatives as part of their instruction. The teachers were part of a professional development
experience in which they were asked to complete a survey related to their beliefs, attitudes, and
instructional practices associated with mathematics teaching.
Results showed that teachers thought manipulative usage was more important at the lower
elementary grade levels than the higher elementary grade levels. This demonstrates the belief of
teachers in this study, which is that a grade 3-5 teacher tends not to believe in the importance of
having children participate in hand-on activities, contrasted with a Kindergarten teacher’s belief
that it is important for children to participate in hands-on activities.
Using a one-way analysis of variance (ANOVA) to investigate possible differences in
teacher’s manipulative use by grade level, researchers uncovered a significant difference in
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teachers’ use of manipulative use by grade-level groupings. Kindergarten teachers were found to
use manipulatives most often. The next most frequent manipulative usage came from first and
second grade teachers. Third through fifth grade teachers used manipulatives least often. The
teachers’ age and experience teaching were related to manipulative usage when they were
considered alone, although after controlling for teacher grade and beliefs, they were no longer
statistically significant predictors of manipulative usage. This manipulative usage showed that
teachers’ beliefs play an important role in manipulative usage and is consistent with previous
findings by Gilbert and Bush (1988) showing less use of manipulatives by teachers in higher grades
than lower grades levels, at the elementary level.
Another study by Moyer (2001) was conducted over the course of one academic year in
2001, which looked at how teachers use manipulatives to teach mathematics. The 10 teachers
involved in this study were selected from a group of 18 middle grades teachers enrolled in a
summer math institute, where they received instruction in the use of manipulatives. The
researchers used interviews and observations over the year to discover how and why teachers used
manipulatives the way they do. During the interview portion of the study, teachers conveyed
different beliefs for using manipulatives in their classrooms such as: change of pace, a reward or
privilege, a visual model for introducing concepts, providing reinforcement or enrichment, and “a
way to make it more fun.” Teachers seemed to distinguish between “real math” and “fun math.”
“Real math” referred to lessons where they taught rules, procedures, and algorithms to their
students through textbooks and “fun math” was used when teachers described parts of their lesson
where students were utilizing manipulatives.
Teachers seemed to be conveying that manipulatives were fun, but not necessary for
teaching and learning mathematics. They seemed to distinguish manipulative use from their
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“regular mathematics teaching.” During classroom observations one teacher was observed telling
a student, who had requested to use manipulatives to solve a problem, to solve it first
mathematically, without the use of manipulatives. Numerous other comments were made by
teachers indicating their dissatisfaction with the use of math manipulatives. Looking at the amount
of time spent with manipulatives during daily math lessons that were observed provided a range
from no use of manipulatives to 31 minutes of use. In the 40 lessons observed, students used
manipulatives 7.38 minutes for every 57.5 minutes of math class time. Math manipulative usage
accounted for approximately 13% of the math time.
Themes about Manipulative Usage
The overwhelmingly common theme in the research on Teacher’s Usage of Math
Manipulatives is the impact of teacher’s beliefs on their teaching practices. This is the deciding
factor in many instructional decisions made by teachers on a daily basis. Teachers’ beliefs were
evident when they showed a more positive attitude toward using manipulatives in their
instructional lessons after training. Teacher training and support tends to foster a more positive
attitude toward the use of manipulatives. This is an encouraging sign because it shows that
teachers’ beliefs are not so rigid and can be influenced.
Teachers who believe manipulatives are just used for change of pace, reward or privilege,
or fun are not going to genuinely incorporate manipulatives and the concepts they were meant to
convey into their instructional lessons. They are also sending a message to their students that
manipulatives are similar to toys and are just meant for fun. The entire mathematical concept that
the manipulative was meant to convey would be lost on these students.
Teachers’ beliefs were evident when they restricted students from “free access” to the
manipulatives by way of displaying lists on containers, assigning manipulative monitors, and using
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them as a reward/punishment tools.

Teachers may feel threatened by this new learning

environment. They would no longer be the “all-knowledgeable” person that students look to for
the correct answer. Students may even discover new ways of solving math problems that challenge
the teacher’s way of thinking. Teachers may not be comfortable with this new role and type of
flexible thinking.
According Uribe-Flórez and Wilkins (2010), understanding the relationship between
teachers’ beliefs about mathematics and teaching practices has been the focus of many studies. A
study by Wilkins (2008) of 481 elementary teachers found that teachers’ beliefs were the most
significant forecaster of teaching practices among other factors considered, such as content
knowledge and attitudes. Research that distinctly looks at teachers’ beliefs in conjunction with
manipulative use has proved to be inconclusive according to Moyer (2001), and others.
Many of these studies charge that teachers’ beliefs are paramount to the effective use of
manipulatives in the classroom, and that administrative support, trainings, and other factors can
influence their beliefs. Even though these factors are imperative to effective manipulative use by
teachers, I believe there is another, even more powerful factor that influences teachers’ effective
use of manipulatives in instructional lessons. That factor is cognitive guidance.
Cognitive guidance occurs when teachers elicit and guide students’ mathematical thinking
to help them make connections to existing knowledge, in order to encourage deep conceptual
understanding. This is similar to instructional guidance, which is one of the most commonly
examined factors in educational research. However, instructional guidance pertaining specifically
to manipulatives has limited available research.
The effectiveness of instructional guidance is contradictory (Kuhn, 2007). However, a
recent meta-analysis by Alfieri et al. (2011) found that unassisted discovery does not benefit
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learners, whereas high guidance and elicited explanations do. Marley and Carbonneau (2014)
assert that rather than determining if instruction with manipulatives is more effective than
conventional instruction, more effort should be made to examine the value added by various
instructional factors that may accompany instruction with manipulatives.
All of this aligns with Ball (1992), who stated that there is not enough examination as to
the validation of the appropriate role in helping students learn mathematics using manipulatives.
It would likely be more helpful to teachers if more professional development opportunities were
made available that specifically focused on teachers learning to help students make the important
connections between the mathematics manipulatives and the underlying mathematics concepts
they are investigating and how they can be used within instruction. Marilyn Burns (n.d.) has been
an advocate for math manipulatives now for over 30 years. This lead to her company Math
Solutions which provides resources and training on using math manipulatives to educators around
the world. Her role today in the math manipulative movement has been far reaching and she
provides videos and demos of the most common manipulatives used today through demonstration
of using the manipulative to teach most math concepts teachers need to cover in today’s math
classrooms.
Common Mathematics Manipulatives and Their Uses
It is important that today’s math teachers use math manipulatives to make math concepts
concrete rather than abstract. Teachers can obtain commercial-made manipulatives, make their
own, or help the students make their own. Examples of manipulatives are paper money, buttons,
blocks, Cuisenaire rods, tangrams, geoboards, pattern blocks, algebra tiles, and base-ten blocks.
The use of manipulatives (See Figure 2 and Table 1 for examples) provides teachers with a great
potential to use their creativity to do further work on the math concepts instead of merely relying
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on worksheets. Consequently, students learn math in an enjoyable way, making connections
between the concrete and the abstract. Piaget and Montessori philosophies are still alive and well
received in today’s math classroom. The CRA (Concrete-Representational-Abstract) Model for
teaching mathematics is the main approach for teaching most math concepts for K-8 learners.
When teaching mathematics, teachers always need to start with concrete manipulative materials to
first teach for understanding, then transfer to representational models like pictures or diagrams,
leading and bridging learning to the abstract level of understanding of symbols and operation signs
so that students eventually do not need the manipulatives to do the mathematics.

Figure 2: Common Math Manipulatives in US Schools
To understand the concept of money, teachers can have students “buy” items tagged for sale
in the classroom. Students are given an opportunity to describe purchases they or an adult have
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made. Students select the proper combinations of coins to purchase the item. As each student
participates, the class helps by showing the coins on the overhead. By handling the coins, students
can correct mistakes and verify counting amounts of money.
Many studies over the years have demonstrated the benefits of using multiple modalities.
English Language Learners (ELL) students, however, are disadvantaged in the one modality
teachers seem to use the most: auditory. Claire and Haynes (1994) stated,
Of the three learning modes—auditory, visual, and kinesthetic—ESOL students will be
weakest in auditory learning. It is unrealistic to expect them to listen to incomprehensible
language for more than a few minutes before tuning out. But if you provide illustrations,
dramatic gestures, actions, emotions, voice variety, blackboard sketches, photos,
demonstrations, or hands-on materials, that same newcomer can direct his or her attention
continuously. (p. 22)
Manipulatives are powerful tools and can be used to teach many of the new Common Core
State Standards (CCSS) in Mathematics (National Governors Association Center for Best Practices
(NGA Center) and the Council of Chief State School Officers (CCSSO), 2010), as the following
chart shows:
Manipulative

Common Core Math
Standard Covered
CCSS.Math.Content.3.MD.C.5

Geoboards
Recognize area as an attribute of plane
figures and understand concepts of area
measurement.
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Image of Manipulative

CCSS.Math.Content.K.G.A.3
Pattern
Blocks

Identify shapes as two-dimensional (lying in
a plane, “flat”) or three-dimensional
(“solid”).
CCSS.Math.Content.1.G.A.1

Tangrams
Distinguish between defining attributes (e.g.,
triangles are closed and three-sided) versus
non-defining attributes (e.g., color,
orientation, overall size); build and draw
shapes to possess defining attributes.
CCSS.Math.Content.2.G.A.2
Color
Tiles

Partition a rectangle into rows and columns
of same-size squares and count to find the
total number of them.

CCSS.Math.Content.5.MD.C.3
Unifix/Snap
Cubes

Recognize volume as an attribute of solid
figures and understand concepts of volume
measurement.
CCSS.Math.Content.5.MD.C.3a
A cube with side length 1 unit, called a “unit
cube,” is said to have “one cubic unit” of
volume, and can be used to measure volume.
CCSS.Math.Content.5.MD.C.3b
A solid figure which can be packed without
gaps or overlaps using n unit cubes is said to
have a volume of n cubic units.
CCSS.Math.Content.4.G.A.1

Triman
Compass

Draw points, lines, line segments, rays,
angles (right, acute, obtuse), and
perpendicular and parallel lines. Identify
these in two-dimensional figures.
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CCSS.Math.Content.7.RP.A.1
Cuisenaire
Rods

Base-10
Blocks

Compute unit rates associated with ratios of
fractions, including ratios of lengths, areas
and other quantities measured in like or
different units. For example, if a person
walks ½ mile in each ¼ hour, compute the
unit rate as the complex fraction ½/1/4 miles
per hour, equivalently 2 miles per hour.
CCSS.Math.Content.1.NBT.B.2
Understand that the two digits of a two-digit
number represent amounts of tens and ones.
Understand the following as special cases:
CCSS.Math.Content.1.NBT.B.2a
10 can be thought of as a bundle of ten ones
— called a “ten.”
CCSS.Math.Content.1.NBT.B.2b
The numbers from 11 to 19 are composed of
a ten and one, two, three, four, five, six,
seven, eight, or nine ones.
CCSS.Math.Content.1.NBT.B.2c
The numbers 10, 20, 30, 40, 50, 60, 70, 80,
90 refer to one, two, three, four, five, six,
seven, eight, or nine tens (and 0 ones).
CCSS.Math.Content.K.CC.A.3

Number
Tiles

Write numbers from 0 to 20. Represent a
number of objects with a written numeral 020 (with 0 representing a count of no
objects).
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CCSS.Math.Content.8.EE.A.4
TI Explorer
Plus Calc.

Two-sided
Counters

Perform operations with numbers expressed
in scientific notation, including problems
where both decimal and scientific notation
are used. Use scientific notation and choose
units of appropriate size for measurements of
very large or very small quantities (e.g., use
millimeters per year for seafloor spreading).
Interpret scientific notation that has been
generated by technology.
CCSS.Math.Content.6.NS.C.5
Understand that positive and negative
numbers are used together to describe
quantities having opposite directions or
values (e.g., temperature above/below zero,
elevation above/below sea level,
credits/debits, positive/negative electric
charge); use positive and negative numbers
to represent quantities in real-world contexts,
explaining the meaning of 0 in each
situation.
CCSS.Math.Content.1.MD.B.3

Judy Clock
Tell and write time in hours and half-hours
using analog and digital clocks.

CCSS.Math.Content.1.NBT.C.4
Abacus
Add within 100, including adding a two-digit
number and a one-digit number, and adding a
two-digit number and a multiple of 10, using
concrete models or drawings and strategies
based on place value, properties of
operations, and/or the relationship between
addition and subtraction; relate the strategy
to a written method and explain the
reasoning used. Understand that in adding
two-digit numbers, one adds tens and tens,
ones and ones; and sometimes it is necessary
to compose a ten.
CCSS.Math.Content.6.EE.A.4
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Scale/
Balance

Identify when two expressions are equivalent
(i.e., when the two expressions name the
same number regardless of which value is
substituted into them). For example, the
expressions y + y + y and 3y are equivalent
because they name the same number
regardless of which number y stands for.
Table 1: Chart of Math Manipulatives with CCSS in Math and Image

Summary
Teachers need to learn how to encourage student exploration, related discussion, and
reflection about the prospective math concept they teach. They need to be comfortable with
students’ exploration of the math concepts and possibly wandering off the “correct” track or even
challenging the teachers’ own mathematical viewpoint. Teachers cannot assume that when
students use manipulatives they will automatically draw the correct conclusions from them. Adults
may overestimate the power of manipulatives because they already understand the underlying
math concepts that are being conveyed by the math manipulatives. Teachers need to keep in mind
that the student does not already possess this knowledge and still needs to make the correct
connections between the manipulative and the underlying math concept. While math
manipulatives are a valuable tool in the instruction of mathematics, teachers need to bridge the
manipulatives to the representational and then abstract understanding in mathematics so that
students internalize their understanding. Just using manipulatives by themselves without this may
not have great value. Today, in an age of technology and high-stakes testing, teachers need to use
and bridge the gap for students in using math manipulatives. This then can be connected to
representational and abstract ideas in mathematics to help students deeply understand the math
they are learning and needing to apply to our everyday life.
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Abstract
The National Council of Teachers of Mathematics, a US based teachers association,
strongly encourages teachers to make proof and reasoning an integral part of student
mathematics. However, the literature shows that, far from being integral, proving remains
compartmentalized within the North American school curriculum and is restricted to a
specific mathematical domain. Consequently, students suffer in their understandings and
are ill prepared for the rigorous mathematical proving that many of them will encounter
later at the postsecondary level. The literature suggests that compartmentalization is
mainly due to teacher’s lack of experience in proof and proving and their subsequent
inability to guide students through the various stages of mathematical justifications. In
this article, a brief overview of the history of proof is provided. Also, the nature of proof
is explained and its importance in school mathematics is argued for. Teachers can help
students better if they are aware of the stages that students experience over time as they
become progressively more sophisticated at proof and proving tasks. By using a
developmental model of proving, teachers are more likely to guide students effectively as
they move from one stage to the other. Balacheff (1988) provides one of the most
commonly used hierarchies to categorize student proof schemes. Few articles within the
literature, however, apply this taxonomy in explicit ways by aligning examples of
possible efforts to solve proof tasks with Balacheff’s stages of proof. This article
illustrates in accordance with Balacheff’s taxonomy and by using examples, how a
student might tackle a proof task. It is also argued that even though explanatory proofs
are relevant to school mathematics, overemphasis on verbal proofs may result in watered
down mathematical proofs. With an example I also demonstrate that students can
transition fairly easily from explanatory proof to formal two –column proof.

Key Words: Mathematical proof, school mathematics, Naïve Empiricism,
Crucial Experiment, Generic Example, Thought Experiment,
Explanatory Proof, Two- column proof
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Introduction
Proof is fundamental to mathematics. Mathematical proof has been regarded as
one of the key distinguishing characteristics of the discipline of mathematics since the
nineteenth century (Davis & Hersh, 1981). Indeed, Raman (2002), in her study, Proof
and Justification in Collegiate Calculus, observes that “since the 6th century BC when
Greek mathematicians established the axiomatic method, mathematicians have
considered proof to be the sine qua non of mathematics” (p. 1). Proof is “the glue that
holds mathematics together” (M. Atiyah as cited in Dunham, 1994, p. 15).
The term mathematical proof is not limited to a single definition: hence, it can be
difficult to know, in any given context, exactly how the term is being used. The Oxford
American Dictionary defines proof as “a demonstration of the truth of something” (1980,
p. 535). Leddy (2001) offers one of the simplest and most practical definitions of proof:
“a reasoned argument from acceptable truths” (p. 13). Yet, once one leaves simplistic
definitions behind, the matter becomes more confusing. For example, a proof that is
acceptable to a physicist might not be acceptable to a mathematician. Polya (1960) writes
that
in mathematics as in the physical sciences we may use observation and induction
to discover general laws. But there is a difference. In the physical sciences, there
is no higher authority than observation and induction, but in mathematics there is
such an authority: rigorous proof.
(as cited in Leddy, 2001, pp. 11-12)

In other words, as soon as there is sufficient evidence to support a scientist’s
hypothesis,—and as long as there is no evidence against it,—s/he accepts the hypothesis,
but among most mathematicians, a claim to proof involves more stringent criteria. The
mathematician reasons that observation cannot prove by itself because eyes can deceive
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us, measurement cannot prove because the certainty of the conclusion, depends upon the
precision of the measuring instrument and the care of the measurer (both variable
factors), and experiment cannot prove because the conclusions can only be considered
probable and not invariable (Johnson, 2007).
Even within the mathematics community itself, standards of proof vary due to the
autonomous development of mathematical specialties and their subsequent isolation from
each other (Almeida, 1996). A number of key words, long used within the mathematics
education literature to refer to elements of proof,—such as “explanation”, “verification”,
and “justification”,—convey different meanings depending upon who is using them.
This multiplicity of meaning implies fundamental differences in how mathematicians
conceptualize proof. Specifically, definitions tend to vary according to the
mathematician’s perception of what constitutes an “appropriate formal system” (Hanna,
1991, p. 55).
Obviously, mathematical proof is a complex matter both in terms of the multiplicity
of definitions that have been offered to specify the concept and in the variety of functions
that have been attributed to it. We see this complexity played out within educational
contexts in a number of ways. How educators define proof and expect it to function
depends upon the specific factors associated with the educational context including the
teacher’s understanding of and experience with proof and the student’s age, grade level,
and mathematical abilities.
Since the closing years of the nineteenth century, mathematicians have narrowly
defined proof in terms of logic (Davis & Hersh, 1981; Gardiner & Moreira, 1999). Frege
(1884/1950), for example, defined proof as a finite sequence of statements such that each
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statement in the sequence is either an axiom or a valid inference from previous
statements. Many decades later, Alonzo Church (1956, as cited in Gardiner & Moreira,
1999) demonstrated the same adherence to formal logic. According to Church,
a finite sequence of one or more well-formed formulas is called a proof if each of
the well-formed formulas in the sequence either is an axiom or is immediately
inferred from proceeding well-formed formulas in the sequence by means of one
of the rules of inference. A proof is called a proof of the last well-formed formula
in the sequence.
(as cited in Gardiner & Moreira, 1999, p. 20)
Joseph (2000) provides a more recent and succinct take on proof as logical formalism.
Proof, he claims, “is a procedure, [an] axiomatic deduction, which follows a chain of
reasoning from the initial assumptions to the final conclusion” (p. 127).
Over the years, however, many mathematicians have come to define proof in
broader terms. Almost thirty five years ago, Lakatos (1976) described mathematics as an
open subject that is constantly being developed and changed through proofs and
refutations. He suggested that the definition of proof should be expanded to include
explanations, justifications and elaborations of any conjecture subjected to counter
examples. Lakatos’ view reflects the assumption that proof depends on the insights of the
active mathematician and not on mechanistic rules and procedures. Indeed, perceptions of
what proof is have changed to such a degree that, little more than a decade ago,
mathematician Thurston (1995) claimed, “for the present, formal proofs [in the sense of
symbolic logic] are out of reach and mostly irrelevant” (p. 34). Even more inclusive is
Hanna’s (1995) definition. She insists that the best proof is one that helps us understand
the meaning of the theorem that is being proved. She notes that such proofs help us to
see, not only that a theorem is true, but also why it is true. These, Hanna claims, are more
convincing and more likely to lead to further discoveries. Hence, in school mathematics,
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the proofs that explain—narrative proofs—are much more important because they
facilitate understanding (Hanna, 1990). In the end, whether one defines proof narrowly
or broadly, it is important to remember that proof is an art and the act of proving can
“evoke a profound sense of beauty and surprise” (Moreira, 1999, p. 349).
Given that mathematicians differ in their perception of what it is that constitutes a
mathematical proof, it follows that they would also differ in their understanding of the
role played by proof within mathematics. Indeed, one’s view of what it is that proofs do
typically influences how one defines the term. Various mathematicians and mathematics
educators, Bell, 1976; de Villiers, 1990, 1999; Hanna, 2000; Hanna & Jahnke, 1996;
Lucast, 2003; Luthuli, 1996; Marrades & Gutierrez, 2000; Leddy (2001), have identified
the functions of proof and proving as: verification or justification (concerned with the
truth of a statement); explanation (providing insight into why a statement is true);
systemization (the organization of various results into a deductive system of axioms,
major concepts and theorems); discovery (the discovery or invention of new results);
communication (the transmission of mathematical knowledge); construction of an
empirical theory; exploration of the meaning of a definition or the consequences of an
assumption; incorporation of a well-known fact into a new framework, viewing it from a
fresh perspective; providing an intellectual challenge to the author of the proof, and so
on.
A Brief History of Proof
If one defines proof broadly, one can find evidence of mathematical proof in the
extant computations of various cultural groups that pre-date the ancient Greeks. Of
course, few would disagree with Szabo’s (1972, as cited in Siu, 1993) assertion that the
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concept of deductive science was unknown to the eastern people of antiquity before the
development of Greek culture. He maintains that
in the mathematical documents which [have come] down to us from these
[Eastern] people, there are no theorems or demonstrations and the fundamental
concepts of deduction, definition and axiom have not yet been formed. These
fundamental concepts made their first appearance in Greek Mathematics.
(as cited in Siu, 1993, p. 345)
Indeed, if one defines “mathematical proof as a deductive demonstration of a statement
based on clearly formulated definitions and postulates” (Siu, 1993, p. 345), then one must
conclude that no proofs can be found in the surviving mathematical texts of the ancient
Chinese, Indian, Egyptian or Babylonian peoples (Joseph, 2000). However, one does see
within these texts a technical facility with computation, recognition of the applicability of
certain procedures to a set of similar problems, and an understanding of the importance of
verifying the correctness of a procedure (Joseph, 2000). If one defines proof generally as
an explanatory note that serves to convince or enlighten the reader, then one can, in fact,
identify an abundance of mathematical proofs and proving within these ancient texts. As
Wilder (1978) reminds us, “we must not forget that what constitutes proof varies from
culture to culture, as well as age to age” (p. 69).
The Greeks, in an attempt to lay solid foundations for geometry, were the first to
introduce a version of the axiomatic method in mathematics (Hanna, 1983). Up to the
time of Thales of Miletus (640-546 B.C.) two different ways to communicate
mathematical statements were commonly used: illustrative examples that served as
templates for a general statement or diagrams that made the statement obvious. The
former told a reader how to obtain a result, while the latter helped the viewer internalize
the idea by gaining an insight into why the idea was correct. Thales conceived of the need
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to reduce by logical argument the mathematical statements to simpler facts so as to make
proof more convincing. He set out to prove geometric properties of figures by deduction
rather than by measurement. By the time of the Pythagorean School (5th century BC),
proofs were quite well established, but mostly in paragraph form. Specifically, Euclid
understood proof as a convincing argument based on intuitive truths in the human culture
(Hanna, 1983).
Given the influence of the Greeks and geometry, the deductive approach in
mathematics came to be referred to in the nineteenth century as the geometrical or
Euclidean method. According to Grabiner (1974; cited in Hanna, 1983), during those
years, a desire to focus and narrow mathematical results and avoid errors, as well as a
need to formalize mathematical results, all played a part in stimulating a growing interest
in formal proof. Throughout the century, perceptions of the role played by intuition in
mathematics altered radically as mathematics went through several crises. Consequently,
the notion of proof was further formalized. A modern variant, the two-column proof first
appeared in Geometry textbooks about 1900. Two column proofs serve as a way to
organize a series of statements (the left hand column) each one logically deduced from
the previous one or based on definitions, axioms or previously proven theorem. Wu
(1996) notes that “although the choice of Euclidean geometry as a starting point of proofs
may have been an historical accident, it is nevertheless a felicitous accident” (p. 228)
because most people learning to prove a proposition for the first time find it easier to look
at a picture than to think abstractly. Over time, then, the Greek-inspired method of
deductive proof came to play a central role in mathematics, though considering the
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lengthy history of mathematical thought and practices, a greater emphasis on rigor is a
relatively recent phenomenon (Hanna, 1983).
Types of Proof
An awareness of the ways in which mathematicians have categorized proof can help
in understanding the concept. Many classification systems have been put forth; however,
there are four types of proof that mathematicians commonly identify.
1) Proof by counter-example. This type of proof involves finding at least one
example in which a generalization is false. The counter-example will disprove the
generalization or indicate its negation. A student, for instance, may conclude that a
negative number plus a positive number is always a negative number, prompting
another student to prove the conjecture wrong by offering a counter-example,
say -3 +7 = 4.
2) Direct/Deductive proof. In this case, one shows that a given statement is deducible
by inferring patterns from given information, previously studied definitions,
postulates and theorems. Traditionally, direct proofs have been expressed using twocolumn or paragraph formats. They can also be presented in the “flow-proof format”
suggested by McMurray (1978).
3) Indirect Proof. With this type of proof, one assumes that the negation of a
statement yet to be proven is true, then shows that this assumption leads to a
contradiction. The following situation illustrates the process of an indirect argument.
On arriving at the darkened library, Angela thinks, “The library must be closed”. The
logic behind her thought is this: When libraries are open, patrons and employees
require light; thus, the lights are likely to be turned on. Right now, the lights are not
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on; therefore, the library must be closed. Additionally, the process of proving a proof
by proving its contra-positive can be thought of as a special case of indirect proof
through contradiction. Paragraph formats are often used to show indirect proofs.
4) Proof by induction. According to O’Daffer and Thornquist (1993), this is the most
complex type of proof. It is based on the principle of mathematical induction and can
be stated as follows: If a given property is true for 1 and if for all n > 1, the property
being true for n implies it is true for n + 1. Thus, we can conclude that the property is
true for all natural numbers.
In addition, mathematicians have suggested various other ways of classifying
students’ justification and thought processes while they are involved in proving a
mathematical task. Some of the well known classifications include those by van Hiele
levels (Senk, 1989) and Sowder and Harel (1998). van Hiele’s levels are exclusive to
geometry. Although Sowder and Harels’ classification is quite exhaustive, not all of their
classifications can be applied to written works. The most comprehensive classification of
proofs was put forward by Balaheff (1988, 1991). Balacheff identified four categories of
proofs: (1) naïve empiricism, (2) crucial experiment, (3) generic example and (4) thought
experiment. Balacheff situated his taxonomy within a developmental model of proving
skills. He argued that each of these four levels of mathematical proof could be classified
within one of two broad categories that he termed pragmatic justifications and conceptual
justifications. He called all justifications pragmatic when they focused on the use of
examples, actions or showings. He called justifications conceptual when they
demonstrated abstract formulations of properties and relationships among properties.
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Proof and Curriculum
Gardiner and Moreira (1999) claim that “mathematics is not proof; mathematics is
not spotting patterns; mathematics is not calculation. All are necessary, but none is
sufficient” (emphasis added; p. 19). Thus, they underscore that one cannot teach
mathematics without teaching proof. Furthermore, Wu (1996) reminds us that the
production of a statement is the basic methodology whereby we can ascertain whether the
statement is true or not. He also notes that, any one who wants to know what mathematics
is about must therefore learn how to write down a proof or at least understand what a
proof is. Wu further elaborates by saying that it is in fact in the mathematics courses
where the students get their rigorous training in logical reasoning. Also, in mathematics,
students learn how to cut through deceptive trappings to get at the kernel of a provable
fact, where they learn how to distinguish between what is provable and what is not.
Hence, learning how to write proofs is a very important component in the acquisition of
such skills.
In mathematics education, as Maher and Martino (1996) have argued, we are
interested ultimately in student understanding, not just of mathematical principles but of
the world itself, and proof and proving offer a means by which teachers might enhance
student understanding. In fact, Marrades and Gutierrez (2000) insist that helping students
“to [come to] a proper understanding of mathematical proof and [so] enhance their proof
techniques” has become “one of the most interesting and difficult research fields in
mathematics education” (p. 87).
Although proofs “are the guts of mathematics” (Wu, 1996, p. 222), unfortunately,
many secondary school students have little experience and even less understanding of
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proof (Bell, 1976; Chazan, 1993; Hadas, Hershkowitz & Schwarz, 2000; Senk, 1985). To
summarize these findings, one could say, proofs and proving have played a peripheral
role at best in North American secondary school mathematics education (Knuth, 1999,
2002a, 2002b). Knuth (2002a) observes that teachers tend to introduce students to
mathematical proof solely through the vehicle of Euclidean geometry in the US. Given
this narrow application, it is not surprising that students develop little skill in identifying
the objectives or functions of mathematical proof, or that both teachers and students come
to perceive mathematical proof as a formal and meaningless exercise (Alibert, 1988;
Knuth, 1999, 2002a, 2002b). In general, students learn to imitate and memorize specific
proof structures by observing the teacher and studying the textbook, but fail to understand
the diverse nature, function, and application of mathematical proof (Hadas, Hershkowitz
& Schwarz, 2000). There is no doubt that proving is a complex task that involves a range
of student competencies such as identifying assumptions, isolating given properties and
structures and organizing logical arguments. If teachers wish to teach students to think for
themselves, and not simply fill their minds with facts, then as Hanna and Jahnke (1996)
stress, it is essential that they place greater emphasis on the communication of meaning
rather than on the formal derivation. In this respect, the teaching and learning of
mathematical proof appears to have failed. (Hadas, Hershkowitz & Schwarz, 2000).
Since 1989, the NCTM has called for substantive change in the nature and role of
proof in secondary school mathematics curricula. The NCTM published the Curriculum
and Evaluation Standards for School Mathematics (1989) at a time when the teaching of
mathematical proof,—specifically within the US,— had almost disappeared from the
curriculum or sunk into meaningless ritual (Knuth, 1999). In that document, the NCTM
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recommended that less emphasis be given to two-column proofs and to Euclidean
geometry as an axiomatic system. In general, recommendations call for a shift in
emphasis from (what has often been perceived as) an over-reliance on rigorous proofs to
a conception of proof as convincing argument (Hanna, 1990). Unfortunately, the NCTM
document encouraged educators and students to think that verification techniques could
substitute for proof (Latterell, 2005). In that sense this document failed to utilize the
broader perspectives of proof in the teaching and learning of mathematics. In contrast, a
more recent NCTM document, Principles and Standards for School Mathematics (2000),
identifies proof as an actual standard and assigns it a much more prominent role within
the school mathematics curriculum. Accordingly, curriculum developers and program
designers have come to expect that all students experience proof as an integral part of
their mathematics education. Notably, the 2000 document recommends that reasoning
and proof become a part of the mathematics curriculum at all levels from prekindergarten through grade 12. The section entitled Reasoning and Proof outlines for the
reader that students should be able to recognize reasoning and proof as fundamental
aspects of mathematics, make and investigate mathematical conjectures, develop and
evaluate mathematical arguments and proofs, and select and use various types of
reasoning and methods of proof. Given the greater status assigned to proof within the
mathematics curriculum, it is essential that teachers plan curricular experiences that can
help students develop an appreciation for the value of proof and for those strategies that
will assist them in developing proving skills.
Any improvement in mathematics education for students depends upon effective
mathematics teaching in the classroom. This includes providing students with
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opportunities to interact in the classroom, to propose mathematical ideas and conjectures,
to evaluate personal thinking, and to develop reasoning skills. Teachers’ knowledge and
beliefs will play an important role in shaping students’ understanding of math and their
ability to solve mathematical problems (NCTM, 2000).
A Practical Example: Proof Categories
In order to help students develop proving skills, teachers must be able to
anticipate the myriad ways in which students might answer a specific proving task. In the
following section, I have identified a well-known proof problem and provide exemplars
demonstrating how students might approach this problem.
Prove that the sum of the first n positive integers (S(n)) is

n(n + 1)
.
2

Proof Level 1: Naïve Empiricism

Here the justification is based on the basis of a small number of examples.
Balacheff (1988) calls this category of justification naïve empiricism.

1+2+3 = 6.
Here n=3.
n(n + 1) 3(3 + 1)
=
=6
S(n) =
2
2
1+2+3+4+5+6+7 = 28
Here n = 4.
n(n + 1) 7(7 + 1)
S(n) =
=
= 28
2
2

n(n + 1)
.
2
This is the lowest level in his proof taxonomy. Balacheff (1988) (as well as other

Since these two work, sum of the first n positive integers (S(n)) is

researchers; for example, Knuth (1999)) does not consider this a valid proof. However,
Balacheff, includes it in his hierarchy of proofs because students typically think that this
is a valid proof.
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Proof Level 2: Crucial Experiment

In this case, a conjecture is developed based on small number of examples and
then that conjecture is verified using a larger number that is intentionally chosen.
1+2+3 = 6.
Here n=3.
S(n) =

n(n + 1) 3(3 + 1)
=
=6
2
2

1+2+3+4+5+6+7 = 28
Here n = 7.
S(n) =

n(n + 1) 7(7 + 1)
=
= 28
2
2

Since these two work, I will try one more example with a larger number using my
calculator. 1+2+3+ …+54 = 1485.
Here n= 54. S(n) =

54(54 + 1)
= 1485.
2

Since the assertion works in this case too, the sum of the first n positive integers (S(n)) is
n(n + 1)
.
2
In fact, it is the intentionalilty that distinguishes naïve empiricism from crucial
experiment. However, it is not always easy to distinguish between naïve empiricism and
crucial experiment based on written work alone because, in both cases, the prover
believes the conjecture proved on the basis of a small number of examples. Unless
explicitly mentioned, it is easier to misread crucial experiment as naïve empiricism.
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Proof Level 3: Generic Example

In generic example, a single example is specifically analyzed and this analysis
attempts to generalize from this single case.
1+2+3+4+5+6+7 = 28
Here n = 7.
S(n) = 28, 28 = 7*4, 4 (the second number) comes from 8 ÷ 2 and 8 is obtained from 7+1
which n+1. So integers S(n) =

n(n + 1)
. This is always the case.
2

This example illustrates generic reasoning because the calculations and answers
are specific to the fact that one is considering 1+2+3+4+5+6+7, but the justification
provided would apply whatever the n might be. In other words, n can assume any value.
The example is a generalization of a class, not a specific example. Although the focus is
once is on one case, it is as an example of a class of objects. The example is selected to
perform operations and transformations to arrive at a justification. The operations and
transformations are applied to the whole class.
Proof Level 4: Thought Experiment

At the level of thought experiment, the students are able to distance themselves
from the action and make logical deductions based only upon an awareness of the
properties and the relationships characteristic of the situation. Here, actions are
internalized and dissociated from the specific examples considered. The justification is
based on the use of transformation of formalized symbolic expressions.
I will provide two thought experiments. Both of these are adopted from Hanna
(1990).
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Thought Experiment – 1

For n=1 it is true since 1 =

1(1 + 1)
.
2

Assume it is true for some arbitrary k, that is S(k) =

k (k + 1)
. Then consider
2

S(k+1) = S(k) + k+1
=

k (k + 1)
+ k+1.
2

=

(k + 1)(k + 2)
.
2

Therefore, the statement is true for k+1 if it is true for k. By induction, the statement is
true for all n.
Thought Experiment – 2

This proof is similar to the well known Gauss formula.
Let

S(n) = 1 +

Then S(n) = n +

2

+3

+ …..(n-1) + n

(n-1) +(n-2) + ….. 2 + 1

Taking the sum of these two rows,
2 S(n) = (1 + n) + [2 + (n-1)] + [3 + (n-2)] + [4 + (n-3)] +….+ (n+1)
= (n+1) + (n+1) + (n+1) + …+ (n+1)
= n(n+1)
Therefore, S(n) =

(n)(n + 1)
.
2

It can be noted that in both these examples the arguments are de-contextualized
from the specifics of an example to the generic aspects of the problem; that is, mental
operations and logical deductions aim to validate the conjecture in a general way. Hanna
distinguishes between thought experiments 1 and 2 as follows: 1 is a proof that proves
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and, 2, is a proof that explains. Note that the first proof, even though it proves the
conjecture, does not provide insight into why the sum is

(n)(n + 1)
. However, the second
2

proof, not only proves it, but also reasons why the sum must be equal to

(n)(n + 1)
.
2

The second proof explains (or reasons) why the conjecture is true using the
symmetry (two different representations of the sum S(n)property.) This simple example
indicates that there are proofs that convince us of the result, but do not explain it. Hanna
underlines that this explanatory value of proofs is the most important aspect of proofs and
proving in school mathematics given that the teacher’s role is to “make student
understand mathematics” (emphasis added; p. 12).
Explanatory Vs. Rigorous Proofs
It is quite understandable that in school mathematics, the explanatory nature of
proof would be deemed extremely important. I discuss below a response to a proof task,
from Varghese (2007) that was submitted by a secondary school mathematics student
teacher (student work follows the discussion). This student teacher’s response
demonstrates the assumption that an informal proof is automatically an explanatory
proof. It is evident from this student teacher’s diagram that he understands clearly what
an exterior angle is. His scribbles indicate that he wanted to prove the task
mathematically, rather than by verbal argument. It also seems that he tried to prove this
task for a regular polygon since he produced drawings for the equilateral triangle,
rectangle, regular pentagon, regular hexagon, and so on. He also provided a general
formula for the size of an interior angle within a regular polygon. However, he got
“stuck” and could not proceed. At that point, he likely resorted to the verbal argument.
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According to Balacheff (1988, 1991)’s hierarchy, this narrative proof may be categorized
as a verbal thought experiment.
Now, the question remains: is this an acceptable mathematical proof from the
perspective of standards deemed appropriated for the high school level? Even more from
a prospective mathematics teacher? I shared this proof with four secondary school
mathematics teachers (in an informal discussion) and asked them whether or not it could
be considered an acceptable mathematical proof. Three of the four teachers indicated that
they would accept this as a valid mathematical proof and award it 100%. Indeed, they
stressed that they found this an interesting way to prove the task. I am not generalizing
from this observation, but it does raise the question: do we accept every convincing
argument as a valid mathematical proof?
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In secondary school mathematics classrooms, teachers bear the responsibility of
helping students effectively communicate using the language of mathematics. If we begin
to accept any convincing argument as a mathematical proof assuming that all verbal
arguments must be explanatory proofs, students are likely to confuse an informal
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convincing argument with a mathematical proof. This will lead students to the faulty
conclusion that any argument can automatically constitute a complete mathematical
proof. As Moreira and Gradiner (1999) notes, there is a danger in such view since the
methods used to “convince” are selected in order to achieve an effect. However, when
proving a statement in mathematics, one is restricted in the methods one can use and the
reasons one can give as this involves definitions, axioms, and the propositions which
have been previously proved.
Educators often complain that introducing “two-column” proofs at the secondary
level is what puts students off; this is what compels them to protest, “I hate proof”.
Watered- down treatment of mathematical proof may be why students find, in post
secondary schools, the transition to ‘formal proof” extremely difficult (see Moore, 1994).
Indeed, there are some mathematics educators who argue that secondary school is not the
place for students to write rigorous, formal mathematical proofs, that teachers should
postpone this work until post secondary school (see Wu, 1996). It seems that post
secondary instructors assume that students in their classes will be able to handle formal
proof (Moore, 1994; Wu, 1997). Given what is clearly the limited experience with formal
proof that students have at the high school level, this would seem to be a false
assumption.
Indeed, not only do university and college instructors assume that students will be
able to deal with formal proofs, but they also typically overwhelm students with rigorous
proofs (Moore, 1994; Knapp, 2005). Furthermore, university instructors’ expectations as
they pertain to formalism in proof are commonly quite high (Moore, 1994). Wu (1997)
notes that university instruction is based on the “Intellectual Trickle-down Theory of
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Learning: aim the teaching at the best students, and somehow the rest will take care of
themselves” (p.5). He also notes that university instruction and courses are “forward
looking” (if you don’t understand something in this course, you will understand it in the
next course or courses). This “far-better-things to come” philosophy of university
teaching (Wu, 1997, p. 7) and the fact that in secondary schools students lack sufficient
experience with proof may very well explain why many mathematics students at the
postsecondary level have unsophisticated understandings of mathematical proof.
Varghese (2007) noted that student teachers have a limited facility in tackling
mathematical proof tasks. Most of the student teachers’ in that study shared that they had
only a limited exposure to mathematical proof in secondary school, and yet at university
they felt that they were overwhelmed with mathematical proof. Wu (1996) claims that
since “we are in an age when mathematical knowledge is at a premium, it does not seem
proper that correct mathematical reasoning should be suddenly declared too profound and
too difficult for all high school students” (p. 224). I believe that high school students are
capable of handling formal proofs as long as they do not experience an abrupt shift at
Grade 10 or 11 from working with simplistic proofs to complex two-column proofs. One
can easily transition from a mathematically sound explanatory proof to a formal two–
column proof as long as the transition is carefully managed. Indeed, the same is true of
the movement from two-column proof to mathematically sound explanatory proof. And,
as I noted above, Balchaeff’s taxonomy may be used as the vehicle for transition to
mathematically sound proof. Teachers could generate examples as per Balacheff’s
hierarchy and teach students the fallacies associated with each of the lower level proofs.
This may help to ensure that the transition to more formal proofs is a smooth one. From
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the following example one can easily note that it is quite easy to transition from a
mathematically sound explanatory proof to a two-column proof.

If E is the midpoint of BD and AE ≅ EC , Prove that ∆AEB ≅ ∆CED
Explanatory Proof
We know that E is the midpoint of BD and that AE ≅ EC . Since E is the
midpoint of BD , we know that BE ≅ ED because the midpoint of a segment divides the
segment into two congruent segments. Since vertical angles are congruent,
 BEA ≅  DEC . When two triangles have corresponding angles and sides that are

congruent as above, the triangles are congruent according to SAS (Side, Angle, Side)
congruence. Thus ∆AEB ≅ ∆CED , according to SAS method.
STATEMENT

REASON

1.

AE ≅ EC

Given

2.

 BEA ≅  DEC

Vertical angles are congruent

3.

BE ≅ ED

4

∆AEB ≅ ∆CED

E is a midpoint of BD
Midpoint divides the segment
into two congruent segments
If two sides and the included
angle of one triangle are
congruent to the corresponding
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parts of another triangle, the
triangles are congruent
according to SAS congruence.

Rather than introducing formal mathematical proofs as if they were suddenly
plucked from thin air, teachers would do well to introduce students gradually to different
ways of writing proofs, culminating, after careful and strategic planning, with two
column proofs. Most of the difficulties that teachers anticipate when it comes to teaching
proof may be resolved if they introduced mathematical reasoning and proving in
elementary school and continued the process through more and more challenging
examples all the way through secondary school. Such a practice would certainly be in
line with the recommendations of the NCTM (2000). It is so unfortunate that many
secondary students and, indeed, many secondary teachers regard two column proofs as
‘the root of all evil’. In fact, two column proofs, as Wu (1996) asserts, make “most clear
to a beginner what a mathematical proof really is: a connected sequence of assertions
each backed up by a reason” (p. 227).

Summary

Without proof, Mathematics loses a great deal of its beauty. As Wu (1996) writes,
Mathematics without proof is like “opera without [the] human voice”. If we want to see
prominence of proof in school mathematics curriculum, then teachers must be prepared to
teach concepts of mathematical proof at all levels within the school system. If a
developmental model such as Balacheff’s taxonomy of proofs is applied in discussed in
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class, students will understand the fallacies of pragmatic proofs and they will be far more
likely to move to conceptual proofs.
Explanatory function of proofs is clearly of great importance in an educational
context, but it is also important that students learn how to communicate correctly using
correct mathematical language: a verbal argument does not necessary constitute a
mathematical proof. If watered-down proofs are accepted as the norm in school
mathematics classrooms, students will have great difficulty understanding the scope and
depth of the concept. We must remember that placing emphasis on the substantive part of
mathematics (i.e. proofs) will help our students when they are expected to write proofs in
real analysis, abstract algebra and advanced mathematical courses. For those students
who go on to university, rigorous proofs will no longer seem so daunting; and for those
university students who decide to become secondary school mathematics teachers,
teaching mathematical proof in the classroom will no longer seem such an onerous and
intimidating responsibility. As educators, we must do our best to prevent the “recycling
effect” (Galbraith, 1982) that occurs when students who lack adequate understanding of
critical concepts such as mathematical proof go on to become the next generation of
teachers who are anxious, afraid, and reluctant to teach the critical concept of
mathematical proof.
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Finland: An Exemplary STEM Educational System

Abstract
There is a need for an increase in the number of students entering fields of science,
technology, engineering, and mathematics (STEM) and the only way for that to happen is for
educational reforms to be put into place (PCAST, 2012). Improvement and focus on STEM
education are a concern of all nations whether they have an emerging economy or one that is
long established. The world of the 21st century is such that in order to compete globally
countries must invest in STEM education (Kennedy & Odell, 2014). The United States scores on
the Program for International Student Assessment (PISA) were not in the top ten for reading,
mathematics, nor science. To rectify this, it is imperative that changes be made to the educational
system (Schleicher, ed., 2012). Looking at countries that are consistently at the top is one way to
find potential solutions and models of reform. One country that has successfully reformed their
educational system is Finland. Within their educational system, the strategies of collaboration
and communication are widely utilized by the instructors as well as the students (Sislian,
Gabardo, Macedo, & Ribeiro, 2015). While analyzing a single country’s instructional program
can give insights into what makes it successful, it is beneficial to compare that country to others
that are also achieving success in order to determine any trends and commonalities. The
countries used for this comparison were chosen because they were different culturally,
geographically, and politically, but in spite of their differences, they were among the top-scoring
nations on the PISA.
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Canadian Comparison
The Canadian education system and how it compared on the PISA scores was detailed in
the report Comparative indicators of education in the United States and other G-8 countries:
2011. NCES 2012-007 compiled by Miller and Walden (2011). Students begin school in the preprimary levels at ages 4 or 5, and then advance through primary, lower secondary, and upper
secondary level (Miller & Walden, 2011). This is significantly different than in Finland where
students do not begin formal education until the age of 7. Compulsory education begins with
primary school in Canada and continues into upper secondary levels through the age of 16
(Miller & Walden, 2011). The education system of Canada is considered decentralized because
each educational jurisdiction within the provinces has leeway to adjust the system as necessary
for their population and circumstance. There were approximately 10.4 million students enrolled
in schools in Canada at the time of the report (Miller & Walden, 2011). On the 2009 PISA,
Canada scored higher in reading than the United States, France, Germany, Italy, Russian
Federation, and the United Kingdom. The Canadians also scored higher in science than the
United States, Germany, the United Kingdom, France, Italy, and the Russian Federation. In
mathematics, Canada outscored France, Germany, Italy, Russian Federation, United Kingdom,
and the United States (Miller & Walden, 2011). Interestingly, Canada was not only scoring well
at the top end of the PISA scale, it also had a lower percent of students below proficient than
France, Germany, Italy, Japan, Russian Federation, United Kingdom, and the United States.
Which means that Canada is not only finding success at the top of the achievement scale but also
at the opposite end (Miller & Walden, 2011).
Canada, much like Finland is consistently scoring in the top ranks on the PISA
(Schleicher, ed., 2012). In the article Formative assessment and the contemporary classroom:
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Synergies and tensions between research and practice by Jens Rassmussen and Martin Bayer
takes a closer look at the top scoring countries of Canada, Singapore, and Finland as compared to
Denmark (2011). For Canada, Ontario was selected as the model since each province is slightly
different and Ontario’s PISA results were a close match to the results for the country as a whole.
Denmark was selected because it is a country that could be considered average based on scores
on the PISA. All of the countries in the article have a strong focus on teacher education
programs. Canada, like Finland, has a strong teacher education program. While there are
differences between the structures of the programs, there are also commonalities (Rassmussen &
Bayer, 2011). One of the similarities is that Canadian and Finnish education programs focus
more on research than philosophy. In Canada, before prospective teachers are accepted into the
education program they must have attained a four-year degree in subjects taught in schools. The
education program itself is focused on successful teaching strategies with diverse student
populations, and teacher performance (Rassmussen & Bayer, 2011). The education program for
Canada has a strong focus on not just conducting research, but in utilizing research based
strategies with students. The Canadian system also gives its teaching candidates hands on
experience with instructional materials, planning instruments, and assessment tools, thus creating
a solid foundation for teacher training (Rassmussen & Bayer, 2011). It seems clear that Canada,
as well as Finland, value providing professional training to educators and in both countries this
recognition of teachers as professionals and as researchers has led students to academic success
as measured by the PISA tests (Miller & Walden, 2011).
In Comparative Analysis of Science Education Systems of Turkey and Canada, an article
written in 2011, by İlknur Guveni and Ayla Gurdal, Ontario’s educational system is again used
to represent Canada as a whole because the scores reflect those of the country as a whole.
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Canada was selected by the authors because of the country’s rank of second in science as
opposed to the thirty-third place on the PISA tests for Turkey. The authors noted significant
differences between the countries and their respective science education programs as a way to
provide a roadmap for improvement for the Turkish science education program (Guven &
Gurdal, 2011). One point of significance was that the Canadian science objectives are very
streamlined and succinct. The major emphasis for the Canadian strands was students become
scientifically literate (Guven & Gurdal, 2011). Science in Canada is taught using the
constructivist approach. It is inquiry based and student-centered. It is also focused on scientific
skills with real world connections to technology, society, and the environment (Guven & Gurdal,
2011). By keeping the strands simple, the objectives clear, and the courses targeted, Canada has
hit upon an effective system for science education. Canada and Finland are not the only countries
to achieve this sort of success with science, as well as with reading and mathematics. Estonia and
Singapore have also placed in the top at all three categories on the PISA. Since these countries
are in different geopolitical spheres than Finland and Canada, it is worth examining the
educational systems there.
Estonian Comparison
The Finnish education system differs slightly from the Estonian education system in a
few ways. In Estonian schoolscapes and the marginalization of regional identity in education
discusses how much of Estonian education is deeply rooted in their European cultural identity.
Finnish education focuses primarily on the education of its teachers to be better adept at
educating the masses. The dynamics of the Estonian education system have political undertones.
Estonian education focuses on indoctrinating over three hundred thousand Russian immigrants
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into Estonian culture. This poses a challenge in that it serves as a distraction from preparing
students to compete academically on a global scale (Brown, K. D., 2005).
Comparison to Singapore
The knowledge gained from Singapore educators on a visit to Finland is explained
explicitly in the article Finland versus Singapore- what should be done to guarantee best
education results? (Kouvo, 2016). One of the major observations of the Singapore educators was
the emphasis Finnish educational system placed on collaborative learning. There were two main
questions that prompted the visit. How do you get students to feel as a group when they are
studying online? Why do you choose to work so tightly in networks (Kouvo, 2016)? The
Singapore education system acknowledged that lifelong learning is a relatively new concept to
them in comparison to the Finnish educational system that has always placed high value on
community colleges and institutes of higher learning. According to the author, in Finland, the
tradition of community colleges and public education has existed longer than the country itself.
Civilizing the whole population has been a national project ongoing since the late 1800s (Kouvo,
2016). The author also stressed that the Singapore educational system is actually open to
understanding and adapting some of the practices of the Finnish system in order to better serve
its own citizens. The visit of the Singaporeans confirms that the essential issues of lifelong
learning are global (Kouvo, 2016).
Wendy Wong in the article Finnish Education System vs. Singapore Education System
(2013) does an excellent job of distinguishing between the methods of the Finnish and Singapore
Education Systems. The article expressed the basis for each education system as a whole;
Finland’s educational system is based on collaborative learning while Singapore’s system is
based on competitive learning (Wong, 2013). There does seem to be some bias by the author as
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much of the focus is on the benefits of the Finnish policies as opposed to the drawbacks of the
Singapore education policies. Even while acknowledging this bias, it is apparent throughout the
article that both principles have been successful. For example, Singapore children start formal
education at age three, while Finnish children do not begin school until seven years old (Wong,
2013). The author does an admirable job of explaining why each system has been effective,
while still pointing out the obvious differences, such as class sizes in STEM classes. In the
Singapore education system, the primary level students are given the PSLE (Primary School
Leaving Examination). The Finnish children are not measured at all for the first six years that
they are in school (Wong, 2013). The children in Singapore are under relentless stress to view
PSLE score as “all or nothing” (Wong, 2013). This score will determine which route they will
take and what secondary school they will attend. Even in the case of the teachers, all Finnish
teachers must have a master’s degree and in Singapore there is a shortage of teachers (Wong,
2013). Overall, the article is to be commending for explicitly explaining the different policies
and strategies performed in each educational system.
The article, Preparing Future Engineers around the World (Wu, 2011), focuses on the
different approaches of Singapore and Finland when it comes to STEM, in particular. At the
School of Science and Technology (SST) in Singapore, all 400 students carry laptops (Wu,
2011). At the age of 12, they are entered into a four-year program that will prepare them for
junior college. They also have a lot of standardized testing to determine what applied subject
track they will follow (Wu, 2011). Students also undergo a lot of standardized testing to
determine what applied subject track they will follow. A lot of financial resources are inserted
into the Singapore educational system, as well. On the other hand, the Finnish educational
system is very laid back. Finnish teachers spend far less time in the STEM classrooms. The focus
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in Finland is on having extremely qualified teachers. Only one in ten applicants are selected for
teacher preparation programs for every ten applicants (Wu, 2011). Fifth and Sixth graders begin
learning about chemistry and physics. They have absolutely zero standardized tests, and the
country spends very little money on education per student. As a result of their teachers being so
highly prepared and qualified, they are trusted to actually teach the information in an effective
learn-by-doing approach where the students are tasked with figuring out answers on their own
through inquiry instead of being directed towards an answer or simply being given one (Wu,
2011).

Finnish Education Reform
Finland rejected curriculum tailored to state standardized testing. Educators design the
curriculum of each school. Finland used career track based curriculum that was determined by
student test scores. A common curriculum was established immediately following the 1970
reform (Chung, J., 2016). An outstanding feature of Finnish education is equity. Equal education,
equal resources, effective evaluation of education and highly trained teachers are the hallmark of
Finnish education reform. Finnish education decentralized its approach to education and allowed
autonomy with the schools to improve education (Chung, J., 2016). The government also made
a conscientious effort to make resources available to all of their citizens young and old alike
(Darling-Hammond, 2010). These reforms have led to Finland becoming a major educational
force.
According to a 2015 article in the International Journal on New Trends in Education
and Their Implications, Finland’s educational system is largely based on two major components:
collaboration and communication. Finnish educators use several methods to create collaborative
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learning environments in the classroom. Some of these methods include the following: blogs,
social media, group work, learning café, aquarium strategy and pitching (Sislian, Gabardo,
Macedo, & Ribeiro, 2015). Many educators have students create personal blogs as a method of
getting to know the students personally. They then use this information to equitably group the
students in their classes. In several cases, teachers had blogs created specifically for the course in
which assignments were posted, along with various notes and imperative information (Sislian,
Gabardo, Macedo, & Ribeiro, 2015). These blogs allow for communication between teacher and
students, as well as, communication between classmates. In addition, the blogs are utilized as an
effective format of maintaining documents in a single place (Sislian, Gabardo, Macedo, &
Ribeiro, 2015). An interesting note is that many of the class groups effectively utilized Facebook
as a collaboration tool. The students use this social media outlet to comment on each other’s
tasks. In some classes, students generated private community groups on Facebook that they used
to work on projects together, as well as, classroom tasks (Sislian, Gabardo, Macedo, & Ribeiro,
2015).
Educators created discussion groups on various topics using the Learning Café. In this
strategy, students are introduced to and given practice with the role of being a mediator during
group discussions. The students used the ideas from the discussions to create posters to be
presented to other members of the class (Sislian, Gabardo, Macedo, & Ribeiro, 2015). The
students learned how to create a network of ideas that can be later combined to build arguments
for larger concepts. All of this was achieved in a collaborative setting.
The educational process In Finland is a complete group effort involving all of the
stakeholders in the educational system. Not only is there collaboration with the students, but the
educators must also collaborate to make the educational system so effective (Darling-Hammond,
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2010). As a result of collaborative efforts being viewed as imperative in Finland’s educational
system, schools have taken on the task of providing adequate time for teachers to collaborate
regarding issues of instruction. Teachers do not have to simply find the time to work together;
they are provided specific time frames for this collaboration to take place. These collaborative
efforts have resulted in higher students achievement gains (Ronfeldt, Farmer, McQueen, &
Grissom, 2015). It is important to acknowledge that collaboration is not seen as an option, but
instead it is a requirement of educators. “Teachers in Finnish schools meet at least one afternoon
each week to jointly plan and develop curriculum, and schools in the same municipality are
encouraged to work together to share materials. Time is also provided for professional
development within the teachers’ workweek” (Darling-Hammond, 2010). Therefore, time is set
aside to ensure there are no obstacles to prevent collaboration from taking place.
The STEM Connection
STEM fits into all areas of a school’s curriculum. It is not something that has to be
squeezed into an already crowded schedule. It should be infused into the existing reading,
writing, and mathematics curriculum (Roberts, 2013). STEM is a problem-solving approach to
instruction that ties a curriculum together rather than being an additional set of standards. STEM
can foster curiosity and creativity within students if a problem-solving approach is used (Roberts,
2013). Making problem solving take on a global perspective is not as challenging as it might
sound. Pollution, food production, and energy are topics that can be explored through STEM
inquiry projects and are relevant worldwide. These issues can be used as platforms for problemsolving lessons with which students from anywhere can relate. When students are able to make a
relatable connection then learning becomes more personal and more concrete (Dalimonte, 2013).
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The students in Finland seem to be making that connection and are able to apply what
they have learned in an integrative manner (Geller, Neumann, Boone, & Fischer, 2014). These
students are expected to use inquiry and research in their studies. Teachers are not just given
professional development in how to use inquiry; they spend a year at a university school working
on how to teach inquiry. Finnish teachers are explicitly trained how to participate in and set up
problem-solving groups in science (Schleicher, ed., 2012). Science at all grade levels is taught
through inquiry, not just through demonstrations or experiments that have been conducted
multiple times before. The students show rapid growth in comprehensive and integrative
knowledge as evidenced by their consistently high performance in science on the PISA, a test
used to measure achievement levels in science, math, and reading (Geller, Neumann, Boone, &
Fischer, 2014).
In addition to inquiry science there is also a craft curriculum that was first put into place
in 1866. This curriculum was modified over the years and in 2004 the decision to include
technology as a part of the craft curriculum was made. Finland requires both boys and girls to be
part of the craft curriculum (Thorsteinsson, Olafsson, & Autio, 2012). The goal of the curriculum
is to help empower students by giving them the skills to design and create products. They use
experimentation, the design process, and problem-based learning to create their products
(Thorsteinsson, Olafsson, & Autio, 2012). This emphasis on problem-based craft and technology
along with inquiry science has resulted in a strong STEM curriculum and consistently excellent
scores in science on the PISA.
The world is more interdependent and information is easier to exchange. There is a need
for people to be able to synthesize information and make use of it in creative and innovative
ways (Schleicher, ed., 2012). The Asia Society put together a matrix for global competencies that
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includes four stages: investigating the world, recognizing perspectives, communicating ideas,
and taking action (Byker, 2013). In comparison, STEM lesson models include having students
identify an issue or challenge, conduct an investigation, design a solution, test and evaluate the
solution, and communicate the results (Roberts, 2013). The overlap between global
competencies and STEM is clear, by combining the two students develop the creativity, inquiry,
collaboration, and communication skills they need to become aware of global issues and
perspectives and to be a part of creating solutions to existing and future challenges (Dalimonte,
2013).
In a global society, literacy encompasses more than just reading and writing; it includes
all the skills necessary for building a better world. Students must be able to conduct
investigations, recognize different perspectives, collaborate with others, communicate their
ideas, and take action if they are going to be global citizens (Byker, 2013). The Finnish
recognize that being more global will increase their technology pioneering, a competitive
workforce, and help build a sustainable future for their citizens (Andreotti, Biesta, &
Ahenakew, 2014). These correspond with the goals set forth by the International Council of
Associations for Science Education (ICASE). These goals included a need to prepare students to
become global citizens, encourage progress by recognizing that the four STEM disciplines are
interrelated, and to reduce the STEM skills gap (Kennedy & Odell, 2014). There is a need for
students to be prepared for and to want to pursue STEM careers. These students have to
understand that STEM is not all fun and games; they have to be willing and able to take on the
challenges presented by an ever-evolving future world (Pittinsky & Diamante, 2015).
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Conclusion
Educational reform in the United States cannot be a simple mirror image of those
strategies adopted by Finland or any other single country. All countries are different in a vast
number of ways. However, there are key elements of reform that could be adopted. One from
Finland is the professionalization of teaching. Teachers must be trained to effectively use inquiry
and problem solving lessons (Schleicher, ed., 2012). The curriculum should also be evolved so
that STEM is an interdisciplinary approach to teaching, as opposed to four separate tracks. If
students are well versed in how to use science, technology, engineering, and math to create
innovative solutions to problems, then they will be prepared to enter STEM careers (Kennedy &
Odell, 2014). The world is changing; the future holds unknown careers and unknown problems.
Students must be taught to be creative thinkers, innovators, problem-solvers, collaborators, and
communicators if they are going to be ready for the challenges they will face.
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Theoretical STEM Program Proposal
By Nancy Ledbetter
Introduction
In an existing school district, it is difficult to build a new school because of how difficult
it can be to get funding, deal with construction issues, find personnel, and obtain all the other
resources that go into any such endeavor. However, it is not impossible to take an existing school
revitalize, re-envision, and reinvent it. Designating one elementary, one middle, and one high
school as Model STEM Schools would provide an example for all other schools on how to grow
a STEM program (NC DPI, 2016). Many STEM strategies are simply good practice for engaging
students in their own learning. Taking those good practices to the next level and bringing in
STEM integration is not as huge a step as one might think (Bybee, 2013). It takes planning and it
should address four specific themes: global challenges, shifting perceptions of environmental
sustainability, 21st century skills, and national security (Bybee, 2013.) Any restructure or
revitalization of a school should also make sure that the new approach to required curriculum
includes a focus on the goal of making sure all students are STEM literate, that they are prepared
to enter a highly technical workforce, and that students emerge from school capable of being
creators, innovators, and problem solvers (Bybee, 2013).
Theory
The theories that would be important as foundations for any STEM focused school would
be the constructivist theory, the Dunning-Kruger effect, and the self-determination theory (SDT).
Constructivism as it is currently viewed was developed slowly over decades based on the work
of theorists such as John Dewey, Jean Piaget, Maria Montessori, Lev Vygotsky and many others
(Myers & Berkowicz, 2015). Constructivism is focused on how children learn and suggests that
children learn by doing and build new knowledge on top of what they already know (Glancy &
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Moore, 2013). The Dunning-Kruger effect is the theory, to put it simply, that a little knowledge
is a dangerous thing. When teachers have only a slight understanding of something, they can be
far too confident in what they think they know and as a result do a poor job of teaching (Graves,
2011). The third theory applies both to teachers and students, SDT looks at motivation (Deci &
Ryan, 2008). When making a bottom up change in a school, teachers and students need to be
motivated to learn. Teachers need to be motivated to adopt new practices (Deci & Ryan, 2008).
Constructivists encourage the use of student-centered learning strategies (Myers &
Berkowicz, 2015). A student-centered strategy is explained in detail in the Lesh translation
model, also considered a constructivist model. The Lesh translation model is a way of assessing
student understanding that allows students to use any of five methods which includes use of
pictures, building models, explaining world connections to the topic, using verbal
communication, or using written symbols. This allows students to start with whichever method
they are most comfortable with, then using other options as their understanding of the concept
grows until they understand the topic so well that they are able to use any and all of the methods
to explain their understanding (Glancy & Moore, 2013). Developing this level of understanding
is not only important so that teachers can be assured students understand the material, but it is
also important to the self-efficacy of children. As Bandura points out, the more confident a child
is in their ability to understand, the more present and engaged they are in problem-solving and
learning (Gray & MacBlain, 2012).
This engagement ties into SDT. Students are engaged in their own learning when
autonomous, intrinsic motivation is what is driving them (Deci & Ryan, 2008). STEM can
provide for this type of motivation if the curriculum is correctly designed. This will take
thorough involvement of the teachers. The teachers will absolutely need intense, quality
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professional development (Gray & MacBlain, 2012). Adults are affected by the same
motivational influences as children. If they are forced to participate in professional development,
the odds of them churning out quality work is much less than if they are autonomously motivated
and they believe that the professional development will aid them in becoming better teachers for
their students (Deci & Ryan, 2008). Teachers are the biggest factors in student success (Green,
2014). Therefore, teachers must be prepared through training that they feel is relevant and valid
before the STEM school they are shifting into opens its doors to students.
A part of why this training must take place prior to beginning the school year is the
Dunning-Kruger effect. Dunning-Kruger effect suggests that people who are only partially
informed can do more harm than good if they presume that the knowledge they have is enough to
make them experts (Graves, 2011). There has been a rise in poverty, and an influx of immigrants.
These students are difficult to teach by standard methods (Myers & Berkowicz, 2015). Trusting
them to teachers who only think they understand what they need to do will not lead to good
practice in the classroom (Graves, 2011). Increasingly diverse student populations need teachers
with the kind of training that makes them effective and the kind of engaging curriculum that can
be offered at a STEM school.
Literature Review
STEM Education: How to train 21st century teachers, edited by Satasha L. Green, brings
up the need for teachers to be trained in all four of the STEM disciplines. They need to be STEM
literate in order to be instructionally effective. To be scientifically literate they must understand
inquiry and the scientific method. To be technologically literate they must understand how to use
technological tools for research and innovation. To be literate in engineering they must use
technology, math, and science to identify challenges, create solutions, and problem solve real
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world issues. To be literate in mathematics they must understand how to apply math skills to
science, engineering, and technology challenges (Green, 2014). This level of STEM literacy is
essential for teachers in a STEM school. Instruction at a STEM school must be inclusive,
allowing for all sorts of learning styles, and abilities. A STEM school must also allow students to
bring their own diverse backgrounds, cultures, and understandings to what they are learning.
This means that teachers have to allow for multiple methods of instruction and provide a safe and
accepting learning environment for authentic learning to take place (Green, 2014).
Marc Prensky is a noted expert on combining technology and education in ways that help
engage students in learning, in his book Teaching digital natives: Partnering for real learning,
he discusses how to create a successful learning environment using technology. There are too
many teachers who settle for using technology as something to replace or supplement textbooks.
Students in the K-12 school system today have never known a world without computers, cell
phones, and electronic gaming devices (Prensky, 2010). They are, as Prensky calls them, ‘digital
natives’ (2010). They want less lecture and more inquiry learning that lets them use digital tools.
Prensky encourages teaming and partnership; keeping the focus of lessons real; connecting
‘content to questions’ and ‘questions to skills’; using available technology as tools; promoting
creativity and problem solving; take the time to get students to improve on what they have done
and share about what they are doing; and save standardized tests for summative data, use data to
compare new scores to previous scores, peer assessment, authentic assessment, and selfassessment for formative data (Prensky, 2010). Most of what is being encouraged is already a
part of the engineering design process and are essential in a STEM school.
Secondary STEM educational reform, edited by Carla C. Johnson, starts with a chapter
about how STEM must be for everyone. STEM should be accessible and understandable to every
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student, not just a select few. There is an imbalance in the numbers of individuals by ethnicity
and by gender entering STEM fields (Oljace, 2013). What Johnson’s book looks at is how a
STEM school located in a lower economic, high minority area can still target every student no
matter what their current performance level is (2011). Two of the keys to making this type of
school successful are teacher preparation and keeping data that gives a true picture of what is
working (Johnson, 2011). The book also notes the importance of early STEM education. Even
though the book focuses on changes, support, and reform in secondary STEM, students need to
have a solid foundation in STEM that begins in the early years of education (Green, 2011).
Design, Make, Play: Growing the next generation of STEM innovators edited by
Margaret Honey and David Kanter offers a look at how the maker movement and STEM in
schools can blend in with standards and objectives even in early education for the youngest
learners (2013). One reason to merge the maker movement into STEM with education is that it
helps grow students’ beliefs in themselves and their ability to take on any challenge (Honey &
Kanter, 2013). There is a theme throughout the text that emphasizes that learning should be fun.
Children like to play, they should like coming to school. They should enjoy learning (Honey &
Kanter, 2013). Innovators and inventors are not created in a school setting that is rigid and
focused solely on results of standardized testing. Innovators and creative problem solvers are
people who take things apart, put things together, figure out how things work, and how to make
them better (Honey & Kanter, 2013). There is less time for play in schools, but play is necessary
if brains are going to develop the capacity to be creative. Bringing play back through STEM
keeps it the play learning focused and it helps students gain the skills they need to be successful
in science, math, and literacy. Four learning indicators are identified as: engagement,
intentionality, innovation, and solidarity. Meaning that students are engaged in the activity, they
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can explain what they are doing and why, they are moving beyond following a standard pattern,
and they are working together towards a common goal (Honey & Kanter, 2013). A STEM school
needs to use those learning indicators in every classroom.
Program Design
In setting up a STEM program, it should be done with an eye towards establishing a firm
foundation for learning. Elementary school should be where that foundation is located (Oljace,
2012). Therefore, the STEM elementary school should be the first one established and when the
kindergarteners move to the sixth grade then the STEM middle school should be ready to receive
them. Then when the STEM middle school students are ready to move into high school, a STEM
high school should be in place and ready for them.
The first step, is to establish a STEM elementary school. To address concerns of not
having enough diversity in STEM fields the school should be located in an area where there is a
diverse population or a location where a diverse population could be enticed to enroll at. After
selecting the location, choosing a faculty and staff. The next step would be to determine the
context for the model elementary STEM school. There are so many areas of science to select
from, so many kinds of engineering, so much technology available, and so many kinds of
mathematics that it is impossible to do it all. For the sake of continuity within the school there
needs to be a guiding theme (Bybee, 2013.) The focus for this model would be mathematics.
Mathematics is the language of science, engineering, and technology. Mathematics is immensely
important in education (Green, 2014).
Once students learn the language of math, then math becomes easier for them to
understand. Students who understand what math terms mean have a better understanding of the
math concepts that are used for problem solving (Molina, 2012). STEM allows students to
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explore mathematical concepts with hands-on activities. When combined with technology,
mathematics can be understood by even the youngest students. For example, when introduced to
robotics in kindergarten students developed a stronger understanding of sequencing than their
counterparts who did not participate with the robotics programming projects. What is more, these
students were able to keep the knowledge they had gained (Kazakoff, Sullivan, & Bers, 2012).
Math terminology should be taught in context using science, technology, and engineering
to support understanding of the various concepts from kindergarten on through high school. One
thing that is necessary is for teachers to understand the math terminology well enough that they
are comfortable teaching it and that takes professional development (Johnson, 2011). The
teachers must also be given the opportunity to plan strategies and objectives based lessons prior
to the start of school. STEM is a collaborative effort and teachers must work together to team
teach STEM concepts (Bybee, 2013).
Teachers must also be aware of the standards that they are being measured against if they
are going to provide excellent STEM learning opportunities for students. Therefore, intensive
professional development for teachers would be the next step after determining the STEM focus
of the school. Unless teachers are trained to have a solid understanding of STEM and how it fits
with the curriculum they can be at a loss and have gaps in their teaching (Dow, 2014). In order
for teachers to understand how to teach STEM and determine what their goals in regards to
STEM are teachers need to participate in strong professional development (Pinnel, et al, 2013).
Once teachers are trained they need time to work and plan together to ready for their
incoming students. Again, the focus should start with kindergarten and then the program should
build with each subsequent year. To grow the program successfully, teachers must have
something against which to measure their efforts. There are different rubrics for measuring
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STEM programs. One that focuses on STEM lessons is the STEM Quality Framework & Rubric
put together by Washington STEM (2013). This rubric identifies ten components that make a
quality STEM learning experience. The first references diversity, reminding teachers that they
have to remember that all students need to be engaged in learning (Washington STEM, 2013).
This goes with the idea that both the Universal Design for Learning (UDL) and culturally and
linguistically responsive instruction (CLRI) must be considered when developing a STEM
program (Green, 2014).
The second component is the degree of STEM integration. While it is true that not every
activity will fit naturally in every lesson, integration has to exist if STEM is going to be a
successful curriculum (Oljace, 2013). The third component focuses on how STEM is integrated
with other disciplines, including art and literacy. Tying into this is the fourth component which is
the quality and accuracy of content being presented (Washington STEM, 2013). Accuracy is
extremely important which ties back to making sure teachers have a strong understanding of the
curriculum they are being tasked with teaching (Dow, 2014). Component five is the quality of
the task being assigned for students to. The task has to not only engage the student, it must also
promote higher order thinking skills (Washington STEM, 2013). The level to which the lesson
makes connections to STEM careers is component six. When students are aware that what they
are learning to do relates to a real-world occupation it lends the activity a higher degree of
relevance (Johnson, 2011). A part of real-world STEM work is that it is done in collaborative
teams. To help students learn teamwork many tasks in STEM lessons involve teamwork and
collaboration (Vasquez, Sneider, & Comer, 2013). Component seven addresses that part of
STEM, the need for students to develop collaboration skills, and the needs for individuals to be
accountable for the work they are responsible for within the group (Washington STEM, 2013).
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Component eight is focused on assessment. It is imperative to know that the activities being
assigned are accomplishing the goals of the lesson. Assessments can be formative or summative,
but they must exist and students must be accountable for their learning (Washington STEM,
2013). The final two components address the two pillars of STEM that tend to be
underrepresented in STEM education, engineering and technology. Engineering tends to be
ignored by educators because they do not have the background training to understand how to
make engineering relevant to the curriculum without losing focus on tested areas (Oljace, 2013).
Technology tends to be relegated to the role of an electronic textbook unless it is deliberately
placed into the activity as a tool for research, production, communication and innovation
(Prensky, 2010). If teachers use this rubric to assess the quality of their lessons before they
implement them, use formative assessment strategies while they are using the activities, and
afterwards compare how the data from student understanding of the concepts compares to the
goals of the lesson to make sure the lesson met those goals, they will have developed a strong
bank of lessons.
As the program grows it is important to make sure that the school as a whole is
progressing. To do this, a rubric such as the North Carolina STEM School/Program Attributes
should be used to make sure the program is meeting the standards for being a STEM school (NC
DPI, 2016). Not only would the STEM program need to use self-evaluation tools, they would
need to invite an outside group of experts in the field of STEM education to conduct an
investigation to make sure that the program is meeting its goals (Yarbrough, 2011). Each level
of education, elementary, middle, and high should follow the same pattern of preparation,
assessment, and evaluation.
Conclusion
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An existing school can be transformed into a model STEM school if it is located in an
area that will draw on a diverse population of students, teachers are given the training they need
to thoroughly understand STEM, the school is provided with the materials and tools teachers and
students need, and the program undergoes a constant series of assessment and evaluation. A
STEM school should have ties to community support, including local STEM businesses, and
colleges with STEM related programs. STEM schools should also have after school programs
that allow students from all socioeconomic and cultural backgrounds to participate in order to
grow their skills and interests in STEM. A model STEM school has the potential to influence
individual lives and promote STEM literacy for every student.
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FAMTE’s MATHEMATICS TEACHER EDUCATOR OF THE YEAR AWARD
The Board of Directors of the Florida Association of Mathematics Teacher Educators (FAMTE) has established the
Mathematics Teacher Educator of the Year Award. The Award will be given on an annual basis with
recognition of the recipient at the annual meeting of FAMTE during the Florida Council of Teachers of
Mathematics (FCTM) annual conference. The purpose of this award is to recognize excellence in the areas of
teaching, research and service.
Eligibility
All mathematics educators who have been employed in a public or private university in the State of Florida for the
past two consecutive years and who are members of FAMTE are eligible to apply. Applicants must not have
received this award within the past 3 years prior to their application.
Criteria
Nominations are invited that highlight a nominee’s involvement at the university, state, and national levels
regarding teaching, research, and service. Examples of contributions within each area are included below.
Teaching: For example…
a. Implementation of effective and innovative teaching practices
b. Demonstration of innovative teaching methods (e.g. publications, materials, video)
c. Recipient of awards in teaching from department, college, university, state, and/or national entities
d. Support of doctoral student development
e. Textbook authorship
Service: For example…
a. Active participation in advancing the development and improvement of mathematics teacher education (e.g.,
membership and leadership roles in state, national, and international organizations)
b. Unusual commitment to the support of mathematics teachers in the filed (e.g., distinctive mentoring experiences)
c. Participation in editorial boards and/or editorial review of journal manuscripts
Scholarship: For example…
a. Dissemination of research findings offering unique perspectives on the preparation or professional development
of mathematics teachers
b. Publications useful in the preparation or continuing professional development of mathematics teachers
c. Acquisition of state and/or nationally funded training and/or research grants
d. Contribution of theoretical perspectives that have pushed the field of mathematics education forward
e. Recipient of awards in research from department, college, university, state, and/or national entities
Required Documentation (Maximum of 3 items)
1. A current vita of the nominee
2. A letter of nomination from a FAMTE member documenting evidence related to the indicated criteria that
supports the nomination.
3. An (one) additional letter of support from an individual active in the educational community (or individuals if
letter is co-authored) knowledgeable of the nominee’s contributions to mathematics education.
Nomination Process/Deadline: No self-nominations will be accepted. The nomination materials should be sent to
FAMTE president, Angie Su at shuifang@gmail.com. Complete nomination packets should be submitted by Friday,
October 4, 2016.

FAMTE Mathematics Teacher Educator of the Year Award
Revised 1/18/16
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FAMTE’s DOCTORAL STUDENT OF THE YEAR AWARD
The Board of Directors of the Florida Association of Mathematics Teacher Educators (FAMTE) has
established the Doctoral Student of the Year Award. The Award will be given on an annual basis with
recognition of the recipient at the annual meeting of FAMTE during the Florida Council of Teachers of
Mathematics (FCTM) annual conference. The purpose of this award is to acknowledge a mathematics
education doctoral student who has shown active involvement in mathematics education at the university,
state, and/or national level and who shows potential for success in the field across the areas of teaching,
research and service.
Eligibility
All mathematics education doctoral students enrolled in a public or private university in the State of Florida
in good academic standing and who are members of FAMTE are eligible for the award. Applicants must not
have received this award within the past 2 years prior to their application. Nominees must be enrolled in a
doctoral program at the time the award is given.
Criteria
Nominations are invited that highlight a nominee’s involvement at the university, state or national level in
regards to:
Teaching: For example…
a. Supervised planning and teaching of undergraduate students
b. Preparation and delivery of professional development sessions
c. Assistance to faculty delivery of courses
Service: For example…
a. Membership in state and/or national professional organizations
b. Committee participation and/or leadership in state and/or national professional organizations
c. Participation in editorial review of journal manuscripts or other significant documents
Scholarship: For example…
a. Collaboration on one or more research projects with peers and/or faculty
b. Dissemination of research or practitioner-oriented data in journals
c. Dissemination of research or practitioner-oriented data via conference presentations
Required Documentation (Maximum of 3 items)
1. A current vita of the nominee (specifically indicating institution and doctoral advisor or committee chair)
2. A letter of nomination from a FAMTE member documenting evidence related to the indicated criteria that
supports the nomination.
3. An (one) additional letter of support from an individual active in the educational community (or
individuals if letter is co-authored) knowledgeable of the nominee’s contributions to mathematics
education.
Nomination Process/Deadline
No self-nominations will be accepted. The nomination materials should be sent to FAMTE president, Angie
Su at shuifang@gmail.com. Complete nomination packets should be submitted by Friday, October 4, 2016.

FAMTE Doctoral Student of the Year Award
Revised 1/18/16
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Florida Associaiton of Mathematics Teacher Educators
Membership Application
(Individual or Affiliate Group)
Florida Association of Mathematics Teacher Educators (FAMTE) – Check membership
option and amount.
__________ One Year Membership - $25.00
__________ Two Year Membership - $45.00
__________ Five Year Membership - $100.00
Write your check for the appropriate amount, payable to FAMTE, and mail the check
and this form to:
Angie Su
FAMTE Membership
2150 Areca Palm Road
Boca Raton, FL 33432-7994
Please complete the following; help us keep our records up to date.

NAME
MAILING ADDRESS
CITY

STATE

PREFERRED TELEPHONE NUMBER
PREFERRED EMAIL
UNIVERSITY / ORGANIZATION
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ZIP

Transformations
c/o Angie Su,
2150 Areca Palm Road,
Boca Raton, FL 33432
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